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This paper is devoted to prove the equiconvergence formula of the eigenfunction
expansion for some version of Schrodinger operator with explosive factor. The
analysis relies on asymptotic calculation and complex integration. The paper is of
great interest for the community working in the area.
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1 Introduction
Consider the Dirichlet problem
−y′′ + q(x)y = λρ(x)y 0 ≤ x ≤ π (1:1)
y(0) = 0, y(π) = 0 (1:2)
where q(x) is a non-negative real function belonging to L1[0, π], l is a spectral para-
meter, and r(x) is of the form
ρ(x) =
{
1; 0 ≤ x ≤ a < π
−1; a < x ≤ π . (1:3)
In [1], the author studied the asymptotic formulas of the eigenvalues, and eigenfunc-
tions of problem (1.1)-(1.2) and proved that the eigenfunctions are orthogonal with
weight function r(x). In [2], the author also studied the eigenfunction expansion of the
problem(1.1)-(1.2). The calculation of the trace formula for the eigenvalues of the pro-
blem(1.1)-(1.2) is to appear. We mention here the basic definition and results from [1]
that are needed in the progress of this work. Let (x, l), ψ(x, l) be the solutions of the
problem (1.1)-(1.2) with the boundary conditions  (0, l) = 0, ’(0, l) = 1, ψ(π, l) = 0,
ψ’(π, l) = 1 and let W(l) = (x, l)ψ’(x, l) - ψ(x, l)’(x, l) be the Wronskian of the
two linearly independent solutions (x, l), ψ(x, l). It is known that W is independent
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of x so that for x = a let W(l) = Ψ(l), the eigenvalues of (1.1)-(1.2) coincide with the
roots of the equation Ψ(l) = 0, which are simple. It is easy to see that the roots of
Ψ(l) = 0 are simple. The function




ϕ(x,λ)ψ(ξ ,λ) , x ≤ ξ
ϕ(x,λ)ψ(x,λ) , ξ ≤ x (1:4)
is called the Green’s function of the Dirichlet problem (1.1)-(1.2). This function satis-
fies for l = lk the relation





+ R1(x, ξ ,λ) (1:5)




2(x,λ)dx are the normalization numbers of the eigenfunctions of the
same problem (1.1)-(1.2). We consider now the Dirichlet problem (1.1)-(1.2) in the
simple form of q(x) ≡ 0. For q(x) = 0, the Dirichlet problem (1.1)-(1.2) takes the form
−y′′ = λρ(x)y 0 ≤ x ≤ π
y(0) = 0, y(π) = 0.
(1:6)
Let the eigenfunctions of the problem (1.6) be characterized by the index “o,” i.e., o
(x, l) and ψo(x, l) are the solutions of the problem (1.6) in cases of r(x) = 1 and r(x)
= -1, respectively, where
ϕo(x,λ) = sin sxs 0 ≤ x ≤ π
ψo(x,λ) =
sinh s(π−x)
s a ≤ x ≤ π
(1:7)
From (1.7), we notice that o(x, l) ψo(x, l) are defined on parts of the interval [0, π],
and these formulas must be extended to all intervals [0, π] to enable us to study the
Green’s function R(x, ξ, l) in case of q(x) ≡ 0. The following lemma study this
extension




s ; 0 ≤ x ≤ a




− sinh s(π−a)s cos s(x − a−) cosh s(π−a)s sin s(x − a); 0 ≤ x ≤ a
sinh s(π−x)
s ; a < x ≤ π .
(1:9)
Proof: The fundamental system of solutions of the equation -y″ = s2y, (0 ≤ x ≤ a) is
y1(x, s) = sin sx, y2(x, s) = cos sx. Similarly, the fundamental system of the equation y″
= s2y, (a <x ≤ π) is z1(x, s) = sinh s(π - x), z2(x, s) = cosh s(π - x). So that the solutions
o(x, l) and ψo(x, l), over [0, π], can be written in the forms
ϕo(x,λ) =
{ sin sa
s ; 0 ≤ x ≤ a
c1z1(x, s) + czz2(x, s); a < x ≤ π . (1:10)
El-Raheem and Nasser Boundary Value Problems 2011, 2011:45
http://www.boundaryvalueproblems.com/content/2011/1/45
Page 2 of 11
ϕo(x,λ) =
{
c3y1(x, s) + c4z2(x, s); 0 ≤ x ≤ a
sinh s(π−x)
s ; a < x ≤ π .
(1:11)
The constants ci,i = 1, 2, 3, 4 are calculated from the continuity of o(x, l) and ψo(x,
l) together with their first derivatives at the point x = a, from which it can be easily
seen that
c1 = − sin sas sinh s(π − a) − cos sas cosh s(π − a)
c2 = sin sas cosh s(π − a) + cos sas sinh s(π − a),
(1:12)
Substituting (1.12) into (1.10), we get (1.8). In a similar way, we calculate the con-
stants c3, c4 where
c3 =
sinh s(π−a)
s sin sa − cosh s(π−a)s cos sa
c4 =
sinh s(π−a)
s cos sa − cosh s(π−a)s sin sa.
(1:13)
Substituting (1.12) and (1.13) into (1.10) and (1.11), respectively, we get the required
relations (1.8) and (1.9)
2 The function R(x, ξ, l) and the equiconvergence
The Green’s function plays an important role in studying the equiconvergence theo-
rem, so that, in addition to R(x, ξ, l), we must study the corresponding Green’s func-
tion for q(x) ≡ 0. Let Ro(x, ξ, l) be the Green’s function of problem (1.6), which is
defined by




ϕo(x,λ)ψo(ξ ,λ)x ≤ ξ





cosh s(π − a) − cos sa
s
sinh s(π − a) (2:2)
satisfies the following inequality on Γn, which is defined by (2.21)
∣∣o(λ)∣∣ ≥ Ce|Im s|a+|Re s|(π−a)|s| . (2:3)
Following [2], we state some basic asymptotic relations that are useful in the discus-








































; a ≤ x ≤ π .
(2:5)
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q(t)dt, λ = s2. (2:6)
As we introduce in (1.4), the function R(x, ξ, l) is the Green’s function of the pro-
blem (1.1)-(1.2), and Ro(x, ξ, l) is the corresponding Green’s function of the problem
(1.6). In the following lemma, we prove an important asymptotic relation for the
Green’s function
Lemma 2.2 For q(x) Î L1(0, π) and by the help of the asymptotic formulas (2.4), (2.5)
for (x, l) and ψ(x, l), respectively, the Green’s function R(x, ξ, l) satisfies the relation
R (x, ξ ,λ) = Ro (x, ξ ,λ) + r (x, ξ ,λ) (2:7)
where r(x, ξ, l), l Î Γn, n ® ∞, satisfies














, x, ξ ∈ [a,π]
©
(
e−|Im s|(x−a)−|Re s|(a−ξ )
|s2|
)
, 0 ≤ x ≤ a < ξ ≤ π
©
(
e−|Im s|(ξ−a)−|Re s|(a−ξ )
|s2|
)
, 0 ≤ ξ ≤ a < x ≤ π
(2:8)
Proof: From (2.4) and (2.5), the function
(λ) = ϕ(a,λ)ψ ′(a,λ) − ϕ′(a,λ)ψ(a,λ)
takes the form















The function Ψo(l) is given by (2.2). for x ≤ ξ, we discuss three possible cases:
(i) 0 ≤ x ≤ ξ ≤ a (ii) a ≤ x ≤ ξ ≤ π (iii) 0 ≤ x ≤ a ≤ ξ ≤ π.
The case (i) 0 ≤ x ≤ ξ ≤ a
From (1.4) and using (2.4) and (2.5), we have





ϕo (x,λ)ψo(ξ ,λ) + ©
(




Using (2.9), (2.10), and (2.3), we have
R(x, ξ ,λ) = 1
o(λ)
[






So that from (2.1), for 0 ≤ x ≤ ξ ≤ a, we have






The case (ii) a ≤ x ≤ ξ ≤ π.
El-Raheem and Nasser Boundary Value Problems 2011, 2011:45
http://www.boundaryvalueproblems.com/content/2011/1/45
Page 4 of 11
Again, from (1.4) and using (2.4) and (2.5), we have





ϕo(x,λ)ψo(ξ ,λ) + ©
(
e|Im s|a+|Re s|(π−a+x−ξ )
|s|3
)]
Using (2.9), (2.10), and (2.3), we have
R(x, ξ ,λ) = 1
o(λ)
[





So that from (2.1), for a ≤ x ≤ ξ ≤ π, we have






The case (iii) 0 ≤ x ≤ a ≤ ξ ≤ π.
From (1.4) and using (2.4) and (2.5), we have





ϕo(x,λ)ψo(x,λ)ψo(ξ ,λ) + ©
(
e|Im s|x+|Re s|(π−ξ )
|s|3
)]
Using (2.9), (2.10), and (2.3), we have










So that from (2.1), for a ≤ x ≤ ξ ≤ π, we have






The asymptotic formulas of R(x, ξ, l) in case of ξ ≤ x remains to be evaluated and
this, in turn, consists of three cases
(i*) 0 ≤ ξ ≤ x ≤ a (ii*) a ≤ ξ ≤ x ≤ π (iii*) 0 ≤ ξ ≤ a ≤ x ≤ π.
The case (i*) 0 ≤ ξ ≤ x ≤ a from (1.4) and using (2.4) and (2.5), we have










Using (2.9), (2.10), and (2.3), we have









So that from (2.1), for a ≤ ξ ≤ x ≤ a, we have
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The case (ii*) a ≤ ξ ≤ x ≤ π from (1.4) and using (2.4) and (2.5), we have













Using (2.9), (2.10), and (2.3), we have









So that from (2.1), for a ≤ ξ ≤ x ≤ π, we have






The case (iii*) 0 ≤ ξ ≤ x ≤ a ≤ x ≤ π from (1.4) and using (2.4) and (2.5), we have













Using (2.9), (2.10), and (2.3), we have









So that from (2.1), for a ≤ ξ ≤ x ≤ a, we have






Now from (2.11) and (2.14), we have





, x, ξ ∈ [0, a] (2:17)
also, from (2.12) and (2.15), we have





, x, ξ ∈ [0,π]. (2:18)
As a result of the last discussion from (2.13), (2.16), (2.17), and (2.18), we deduce
that R(x, ξ, l) obeys the asymptotic relation
R(x, ξ ,λ) = Ro(x, ξ ,λ) + r(x, ξ ,λ)
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where














, x, ξ ∈ [a,π]
©
(
e−|Im s|(x−a)−|Re s|(a−ξ )
|s2|
)
, 0 ≤ x ≤ a < ξ ≤ π
©
(
e−|Im s|(ξ−a)−|Re s|(a−ξ )
|s2|
)
, 0 ≤ ξ ≤ a < x ≤ π
(2:19)
We remind here that the main purpose of this paper is to prove the equiconvergence
of the eigenfunction expansion of the Dirichlet problem (1.1)-(1.2). We introduce the















ρ(ξ)f (ξ)ϕ(ξ ,λ+k )dξ . (2:20)
where, from [1], a±k = 0 . It should be noted here, from [2], that as n ® ∞, the series
(2.20) converges uniformly to a function f(x) Î L2(0, π, r(x)). Let also 
(o)
n,f be the cor-
responding nth partial sum as (2.20), for the Dirichlet problem (1.1)-(1.2) in case of q
(x) ≡ 0. The equiconvergence of the eigenfunction expansion means that the difference∣∣∣n,f (x) − (o)n,f (x)∣∣∣ uniformly converges to zero as n ® ∞, x Î [0, π]. In the following
theorem, we prove the equiconvergence theorem of the expansions∣∣∣n,f (x) and (o)n,f (x)∣∣∣ . This means that the two expansions have the same condition of
convergence. Following [1], the contour Γn is defined by
n =
{




















Denote by +n the upper half of the contour Γn, Ims ≥ 0, and let Ln be the contour,
in l-domain, formed from +n by the mapping l = s
2. From (1.4), it is obvious that the
poles of R(x, ξ, l) are the roots of the function Ψ(s), which is the spectrum of the pro-
blem (1.1)-(1.2).
Theorem 2.1 Under the validity of lemma 1.1 and lemma 2.2, the following relation
of equiconvergence holds true
lim
n→∞ sup0≤x≤π
∣∣∣n,f (x) − (o)n,f (x)∣∣∣ = 0. (2:22)




R(x, ξ ,λ)ρ(ξ)f (ξ)dξ =
π∫
0
Ro(x, ξ ,λ)ρ(ξ)f (ξ)dξ+
π∫
0
r(x, ξ ,λ)ρ(ξ)f (ξ)dξ
where f(x) Î L2[0, π, r(x)]. We multiply the last equation by 12π i and then integrating
over the contour Ln in the l-domain, we have
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R(x, ξ ,λ)ρ(ξ)f (ξ)dξ
⎫⎬











From equation (1.5), we have the following











































ρ(ξ)f (ξ)ϕ(ξ ,λ+k )dξ . = n,f (x)
(2:25)
Similarly, we carry out the same procedure to the second integral of (2.23) and we









Ro(x, ξ ,λ)ρ(ξ)f (ξ)dξ
⎫⎬
⎭ dλ = (o)n,f (x). (2:26)
So that from (2.25), (2.26), and (2.23), we get









r(x, ξ ,λ)ρ(ξ)f (ξ)dξ
⎫⎬
⎭dλ,
from which it follows that







∣∣r(x, ξ ,λ)∣∣ ∣∣f (ξ)∣∣dξ
⎫⎬
⎭d |λ| . (2:27)
The last Equation (2.27) is an essential relation in the proof of the theorem, because





∣∣r(x, ξ ,λ)∣∣ ∣∣f (ξ)∣∣ dξ} d |λ| tends
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where M1 and M2 are constants.
We treat now the integral
∫ a
0 in (2.30). Let δ > 0 be a sufficiently small number and






































































⎭ |dλ| ≤ C1
∫
|x−ξ |≤δ
∣∣f (ξ)∣∣ dξ + C2
δn
+ C3e−δn (2:30)
where C1, C2, and C3 are independent of x, n and δ. In a similar way, we estimate the
second integral
∫ π












⎭ |dλ| . ≤ C∗1
∫
|x−ξ |≤δ






2 , and C
∗
3 are independent of x, n, and δ. Substituting (2.30) and (2.31)
into (2.28) and using (2.29), we have
∣∣∣n,f (x) − (o)n,f (x)∣∣∣ ≤ A
∫
|x−ξ |≤δ
∣∣f (ξ)∣∣ dξ + B
δn
+ Ce−δn (2:32)
where A,B, and C are constants independent of x, n, and δ. We apply now the prop-
erty of absolute continuity of Lesbuge integral to the function f(x) Î L1[0, π].
∀  > 0, ∃ δ > 0 is sufficiently small such that ∫|x-ξ|≤δ |f(ξ)|dξ ≤ , where  is indepen-
dent of x (the set {ξ : |x - ξ| ≤ δ} is measurable). Fixing δ in (2.32), there exists N such
that for all n > N, 1
δn < ε and e
-δn < , so that (2.32) takes the form
∣∣∣n,f (x) − (o)n,f (x)∣∣∣ ≤ (A + B + C) ε, n > N. (2:33)
Since  is sufficiently small as we please, it follows that
∣∣∣n,f (x) − (o)n,f (x)∣∣∣ → 0 as
n ® ∞, uniformly with respect to x Î [0, π], which completes the proof.
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3 The conclusion and comments
It should be noted here that, the theorem of equiconvergence of the eigenfunction
expansion is one of interesting analytical problem that arising in the field of spectral
analysis of differential operators, see [4-6]. In [3], the author studied the equiconver-
gence theorem of the problem
−y′′ + q(x)y = μρ(x)y 0 ≤ x ≤ π (3:34)
y′(0) − hy(0) = 0,
y′(π) +Hy(π) = 0
(3:35)
There are many differences between problems (3.34)-(3.35) and the present one
(1.1)-(1.2), and the differences are as follows:
1- The boundary conditions of (3.35) is separated boundary conditions, whereas (1.2)
is the Dirichlet-Dirichlet condition









, 0 ≤ x ≤ a


















, 0 ≤ x ≤ a





, a < x ≤ π
(3:37)
3- The contour of integration is of the form
n =
{






















4- The remainder function r(x, ξ, l) admits the following inequality for l Î Γn, n ®
∞.














, for x, ξ ∈ [0,π]
O
(
e−|Im λ|(a−ξ )−|Re λ|(ξ−a)
|λ2|
)
, for 0 ≤ x ≤ a < ξ ≤ π
O
(
e−|Im λ|(a−ξ )−|Re λ|(x−a)
|λ2|
)
, for 0 ≤ ξ ≤ a < x ≤ π .
(3:39)
Although there are four differences between the two problems, we find that the
proof of the equiconvergence formula
∣∣∣n,f (x) − (o)n,f (x)∣∣∣ → 0 as n ® ∞ is similar. So
as long as the proof of the equiconvergence relation is carried out by means of the
contour integration, we obtain the uniform convergence of the series (2.20)
El-Raheem and Nasser Boundary Value Problems 2011, 2011:45
http://www.boundaryvalueproblems.com/content/2011/1/45
Page 10 of 11
Acknowledgements
We are indebted to an anonymous referee for a detailed reading of the manuscript and useful comments and
suggestions, which helped us improve this work. This work was supported by the research center of Alexandria
University.
Author details
1Department of Mathematics, Faculty of Education, Alexandria University, Alexandria, Egypt 2Faculty of Industrial
Education, Helwan University, Cairo, Egypt
Authors’ contributions
The two authors typed read and approved the final manuscript also they contributed to each part of this work
equally.
Competing interests
The authors declare that they have no competing interests.
Received: 7 June 2011 Accepted: 23 November 2011 Published: 23 November 2011
References
1. El-Raheem, ZF, Nasser, AH: On the spectral property of a Dirichlet problem with explosive factor. J Appl Math Comput.
138, 355–374 (2003). doi:10.1016/S0096-3003(02)00134-0
2. El-Raheem, ZF, Nasser, AH: The eigenfunction expansion for a Dirichlet problem with explosive factor. J Abstract Appl
Anal 16 (2011). 2011, Article ID 828176
3. El-Raheem, ZF: Equiconvergence of the eigenfunctions expansion for some singular Sturm-Liouville operator. J Appl
Anal. 81, 513–528 (2002). doi:10.1080/0003681021000004573
4. Darwish, A: On the equiconvergence of the eigenfunction expansion of a singular boundary value problem.Az,NEENTE,
No.96AZ-D,1983.
5. Nimark, MA: The study of eigenfunction expansion of non-self adjoint differential operator of the second order on the
half line. Math Truda. 3, 1891–270 (1954)
6. Saltykov, GE: On equiconvergence with Fourier integral of spectral expansion related to the non- Hermitian Storm-
Liouville operator. pp. 18–27. ICM, Berlin (1998)
doi:10.1186/1687-2770-2011-45
Cite this article as: El-Raheem and Nasser: The equiconvergence of the eigenfunction expansion for a singular
version of one-dimensional Schrodinger operator with explosive factor. Boundary Value Problems 2011 2011:45.
Submit your manuscript to a 
journal and benefi t from:
7 Convenient online submission
7 Rigorous peer review
7 Immediate publication on acceptance
7 Open access: articles freely available online
7 High visibility within the fi eld
7 Retaining the copyright to your article
    Submit your next manuscript at 7 springeropen.com
El-Raheem and Nasser Boundary Value Problems 2011, 2011:45
http://www.boundaryvalueproblems.com/content/2011/1/45
Page 11 of 11
